The Main Result
In this paper, unless otherwise specified, k will denote an algebraically closed field of characteristic 0, p and q will denote two prime numbers satisfying p < q and G(H) will denote the group of grouplike elements of a Hopf algebra H.
The following result will prove very useful in the sequel. 
If |G(H)| = p then q = 1(mod p).
Suppose there exists a non-trivial semisimple Hopf algebra H of dimension pq. Then by Theorem 1.1, G(H) and G(H * ) have either order 1 or p. By [R] , G(D(H)) = G(H * ) × G(H) has therefore either order 1, p or p 2 . Since by [R] , the order of G(D(H) * ) divides the order of G(D(H)), it follows that G(D(H) * ) has either order 1, p or p 2 too. In the following we show that this leads to a contradiction, and hence conclude that H is trivial. Proof: Suppose on the contrary that V ⊗ U contains the trivial representation (i.e. U = V * ), but does not contain another 1−dimensional representation. By [EG] , the dimension of any irreducible representation of D(H) divides pq, hence V ⊗ V * is a direct sum of the trivial representation k, p−dimensional irreducible representations of D(H) and q−dimensional irreducible representations of D(H). Therefore we have that
Let us first show that if U 1 and U 2 are two p−dimensional irreducible representations of
We already proved the 'if' direction above. Suppose U 1 = U * 2 , then U 1 ⊗ U 2 does not contain k and hence it contains only p−dimensional irreducible representations of D(H) and q−dimensional irreducible representations of D(H). Thus, p 2 = ap + bq which implies that b = 0 and the result follows.
This is a contradiction since p 2 < q 2 . This concludes the proof of the lemma.
Proof: Suppose on the contrary that |G(D(H) * )| = 1. By [EG] , the dimension of any irreducible representation of D(H) divides pq, hence p 2 q 2 = 1 + ap 2 + bq 2 for some integers a, b > 0. In particular D(H) has a p−dimensional irreducible representation V. Since V ⊗ V * contains the trivial representation it follows from Lemma 1.2 that D(H) has a non-trivial 1−dimensional representation which is a contradiction.
Lemma 1.4 Let H be a non-trivial semisimple Hopf algebra of dimension pq over k. Then the order of G(D(H)
* ) is not p 2 .
Proof: Suppose on the contrary that |G(D(H)
is of the form χ = g ⊗α, where g ∈ G(H) and α ∈ G(H * ). In particular, either G(H) or G(H * ) is nontrivial, and hence either G(H) or G(H * ) has order p [GW2, Theorem 2.1]. Therefore we must have that both G(H) and G(H * ) are of order p, and hence that G(D(H)
In particular g is central in H, and hence H possesses a normal sub Hopf algebra isomorphic to kC p , which implies that H is commutative (see the proof of Theorem 2.1 in [GW2] ). This is a contradiction and the result follows. 
is of dimension pq 2 and φ(H), φ(H * ) are of either dimension 1, p or pq (the dimensions cannot be q, otherwise A would have q grouplike elements [Z] which is not consistent with the fact that |G(H)| and |G(H * )| are not divisible by q) it follows that the dimensions must equal pq and hence that H and H * can be considered as sub Hopf algebras of A. Furthermore, G(H) and G(H * ) are mapped onto G(A), otherwise |G(A)| is divisible by p 2 which is impossible. Therefore Proof: We consider the Hopf algebra quotient A which exists by Lemma 1.5. For any 1-dimensional representation χ of A we define the induced representations
Note that since finite-dimensional Hopf algebras are free over any of their sub Hopf algebras [NZ] , it follows that
We first show that if χ is not trivial then χ is not trivial on H and H * as well. Indeed, for any non-trivial 1−dimensional representationχ we have by Frobenius reciprocity that Hom A (V χ + ,χ) = Hom H (χ,χ). Therefore, if χ is trivial on H thenχ is also trivial on H (sincẽ χ = χ l as χ generates the group of 1−dimensional representations of A), and
+ is a sum of p 1−dimensional representations and p−dimensional irreducible representations which contradicts the fact that p does not divide q. Similarly, χ is not trivial on H * .
Next, since Hom
Finally, we wish to show that the set
is a full set of representatives of the irreducible representations of H * . Indeed, consider the regular representation of H * :
Since in the regular representation any representation can occur no more times than its dimension we get that V i|H * are irreducible. By summation of degrees, C is a full set of representatives, and since dim(V i|H * ) = p we have that H * is of Frobenius type. The result follows similarly for H. This concludes the proof of the lemma.
We are ready to summarize and prove our main result. Theorem 1.7 Let H be a semisimple Hopf algebra of dimension pq over k, where p and q are distinct prime numbers. Then H is trivial.
Proof: Suppose on the contrary that H is non-trivial. Then by Lemmas 1.3 and 1.4, the order of G(D(H) * ) is p, and hence H and H * are of Frobenius type. But Theorem 2.7 in [GW2] states that if this is the case then H is trivial.
